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FIXED POINT INDICES AND FIXED WORDS AT INFINITY
OF SELFMAPS OF GRAPHS
QIANG ZHANG, XUEZHI ZHAO
ABSTRACT. Indices of fixed point classes play a central role in Nielsen fixed point theory.
Jiang-Wang-Zhang proved that for selfmaps of graphs and surfaces, the index of any fixed
point class has an upper bound called its characteristic.
In this paper, we study the difference between the index and the characteristic for self-
maps of graphs. First, for free groups, we extend attracting fixed words at infinity of
automorphisms into that of injective endomorphisms. Then, by using relative train track
technique, we show that the difference mentioned above is quite likely to be the number of
equivalence classes of attracting fixed words of the endomorphism induced on the funda-
mental group. Since both of attracting fixed words and the existed characteristic are totally
determined by endomorphisms themselves, we give a new algebraic approach to estimate
indices of fixed point classes of graph selfmaps.
As consequence, we obtain an upper bound for attracting fixed words of injective endo-
morphisms of free groups, generalizing the one for automorphisms due to Gaboriau-Jaeger-
Levitt-Lustig. Furthermore, we give a simple approach to roughly detecting whether fixed
words exist or not.
1. INTRODUCTION
Fixed point theory studies the fixed points of a selfmap f of a space X . Nielsen fixed
point theory, in particular, is concerned with the properties of the fixed point set
Fix f := {x ∈ X |f(x) = x},
that are invariant under homotopy of the selfmap f (see [J1] for an introduction to Nielsen
fixed point theory).
The fixed point set Fix f splits into a disjoint union of fixed point classes: two fixed
points x and x′ are said to be in the same class if and only if they can be joined by a Nielsen
path which is a path homotopic (relative to endpoints) to its own f -image. Let Fpc(f)
denote the set of all the fixed point classes of f . For each fixed point class F ∈ Fpc(f),
a homotopy invariant index ind(f,F) ∈ Z is well-defined. A fixed point class is essential
if its index is non-zero. For alternative definitions of fixed point class by covering spaces,
see Section 3.1.
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In the paper [JWZ], B. Jiang, S. Wang and Q. Zhang defined a new homotopy invariant
rank rk(f,F) ∈ N for a fixed point class F of f . For an endomorphism φ : G → G of a
groupG, its fixed subgroup refers to the subgroup
Fix (φ) := {g ∈ G|φ(g) = g} ≤ G.
The stabilizer of a fixed point x ∈ F is the subgroup Stab(f, x) := Fix (fπ) ⊂ π1(X, x),
where fπ : π1(X, x) → π1(X, x) is the induced endomorphism. Since it is independent
of the choice of x ∈ F, up to isomorphism, the stabilizer of a fixed point class F is defined
as Stab(f,F) := Stab(f, x), for any x ∈ F. The rank of F is defined as
rk(f,F) := rk Stab(f,F),
where the rank of a group is the minimal number of generators.
For a selfmap f of a surface or a graph X , they defined the characteristic of a fixed
point class F of f as
chr(f,F) := 1− rk(f,F),
with the only exception that chr(f,F) := χ(X) = 2−rk(f,F)whenX is a closed surface
and Stab(f,F) = π1(X). What is more, some relations between the characteristic and the
index of fixed point classes of graphs and surfaces are proved.
Theorem 1.1 (Jiang-Wang-Zhang, [JWZ]). Suppose X is either a connected finite graph
or a connected compact hyperbolic surface, and f : X → X is a selfmap. Then
(A) ind(f,F) ≤ chr(f,F) for every fixed point class F of f ;
(B) whenX is not a tree,
∑
ind(f,F)+chr(f,F)<0
{ind(f,F) + chr(f,F)} ≥ 2χ(X),
where the sum is taken over all fixed point classes F with ind(f,F) + chr(f,F) < 0.
An analogue on 3-manifolds can be found in [Z].
In this paper, we are primarily interested in a π1-injective selfmap f : X → X of a
graph X , i.e., f induces an injective endomorphism fπ of the fundamental group π1(X).
In this setting, we will introduce a new homotopy invariant a(f,F) ∈ N (see Definition
3.1) for each fixed point class F of f . Thanks to this new invariant, we will improve the
inequality (A) of Theorem 1.1 into an inequality (equality when χ(X) ≥ −1) among
ind(f,F), rk(f,F) and a(f,F). For convenience, we define the improved characteristic
of a fixed point class F of f as ichr(f,F) := chr(f,F)− a(f,F), namely,
ichr(f,F) := 1− rk(f,F)− a(f,F).
Note that ichr(f,F) ≤ 1 and only depends on the induced endomorphism fπ of π1(X).
For brevity, we will write ind(F), rk(F), a(F), chr(F) and ichr(F) if no confusion
exists for the selfmap f in the context. In Nielsen fixed point theory, a fixed point class F
is allowed to be empty. In that case the above definitions of rk(F), a(F) and ichr(F) do
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not make sense. Alternative approaches using covering spaces and paths, will be given in
Section 3.
The main results of this paper are the following.
Theorem 1.2. Let X be a connected finite graph and f : X → X be a π1-injective
selfmap. Then for every fixed point class F of f , we have
ind(F) ≤ ichr(F).
When the Euler characteristic χ(X) ≥ 0, the equality ind(F) = ichr(F) holds imme-
diately, see Example 3.8. When χ(X) = −1, we have
Theorem 1.3. If X is a connected finite graph with Euler characteristic χ(X) = −1 and
f : X → X is a π1-injective selfmap, then for every essential fixed point class F of f , we
have
ind(F) = ichr(F),
and for every inessential fixed point class F, we have 0 = ind(F) ≤ ichr(F) ≤ 1.
Conjecture 1.4. The equality ind(F) = ichr(F) always holds in Theorem 1.2.
In other words, we conjecture that ind(F) = 1− rk(F)− a(F), for some evidence, see
Section 6. This equality will give a new algebraic approach for computing indices of fixed
point classes of π1-injective selfmaps of graphs.
Remark 1.5. For any selfmap f : X → X of a connected finite graph X , if f is not
π1-injective, by [J2, Lemma A], it is a mutant (see [J2] for a definition) of a π1-injective
selfmap g of a connected finite graph Y with χ(Y ) ≥ χ(X). Since mutants have the same
set of indices of essential fixed point classes, we can also compute the index by ichr(F)
for an essential fixed point class F of f if Conjecture 1.4 is true. Indeed, let F′ ∈ Fpc(g)
be the corresponding fixed point class of F, then
ind(f,F)
mutant invar.
=========== ind(g,F′)
Conj. 1.4
======== ichr(g,F′).
Replacing ind(F) with ichr(F) in the inequality (B) of Theorem 1.1, as a corollary of
Theorem 1.2, we have 2χ(X)− 1 ≤ ichr(F) ≤ 1 and the following bound immediately.
Corollary 1.6. SupposeX is a connected finite graph but not a tree, and f : X → X is a
π1-injective selfmap. Then
∑
F∈Fpc(f)
max{0, rk(F) + a(F)/2− 1} ≤ −χ(X),
where the sum is taken over all fixed point classes F of f .
For an injective endomorphism φ : Fn → Fn of a free group Fn of rank n ≥ 1, it
induces an endomorphism φab of the abelianization of Fn,
φab : Zn → Zn.
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Let tr(φab) be the trace of a matrix of φab. For any c ∈ Fn, let ic : Fn → Fn, g 7→ cgc−1
be the inner automorphism induced by c. Let a(φ) be the number of equivalence classes
of attracting fixed points for the action of φ on the boundary of Fn, see Definition 2.4.
Using the trace tr(φab), we have the following theorem giving an approach to roughly
detecting whether fixed words exist or not.
Theorem 1.7. Let φ be an injective endomorphism of a free group Fn. Then there exists
c ∈ Fn such that
rkFix (ic ◦ φ) = a(ic ◦ φ) = 0
if the trace tr(φab) < 1; and
rkFix (ic ◦ φ) + a(ic ◦ φ) > 1
if n ≤ 2 and tr(φab) > 1.
Moreover, we obtain an upper bound for the rank of the fixed subgroup and the number
a(φ) of an injective endomorphism φ of a free group.
Theorem 1.8. Let φ be any injective endomorphism of a free group Fn. Then
rkFix (φ) + a(φ)/2 ≤ n.
In [GJLL], Gaboriau, Jaeger, Levitt and Lustig proved the inequality above for auto-
morphisms of Fn, by using groups acting on R-trees. Our proof for general case is based
on Theorem 1.2 and Bestvina-Handel’s train track maps.
The paper is organized as follows. In Section 2, we introduce attracting fixed points
and a(φ) for any injective endomorphism φ of a free group. In Section 3, we first give
the background of Nielsen theory and define the improved characteristic for fixed point
classes of selfmaps of graphs, and then show some invariance of that. In Section 4, we
study the improved characteristic of selfmaps of graphs by an approach using train track
maps. In Section 5, we complete the proofs of Theorem 1.2, Theorem 1.3, Theorem 1.7
and Theorem 1.8. Finally in Section 6, we give some examples supporting Conjecture 1.4.
Acknowledgements. The authors would like to thank Alexander Fel’shtyn for helpful
discussions, and thank Shida Wang for detailed comments.
2. ATTRACTING FIXED WORDS AND a(φ) OF FREE GROUPS
In [GJLL, Sect. 1], the authors introduced attracting fixed words and the number a(φ)
of an automorphism φ of a free group. In this section, we will extend that to injective
endomorphisms of free groups.
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2.1. Attracting fixed word and attracting fixed point. Let F be a free group of rank
n. Fixed a basis (i.e., a free generating set) Λ = {g1, . . . , gn} for F , we view F as
the set of reduced words in the letters g±1i , and ∂F as the set of infinite reduced words
W = w1w2 · · ·wi · · · , i.e., wi ∈ Λ± = {g
±1
1 , . . . , g
±1
n } and wi 6= w
−1
i+1. Denote Wi =
w1 · · ·wi. The word length of a word W ∈ F with respect to Λ is written |W |. Given
two finite or infinite reduced words W,V ∈ F¯ := F ⊔ ∂F , let W ∧ V be the longest
common initial segment of W and V . The initial segment metric di.s on F¯ is defined by
di.s(W,W ) = 0 and forW 6= V ,
di.s(W,V ) =
1
1 + |W ∧ V |
.
With this metric, F¯ is compact (called end completion as in [C] or compactification as a
hyperbolic group in the sense of Gromov), and F is dense in F¯ . The boundary ∂F is a
compact space that is homeomorphic to a Cantor set when n ≥ 2. A sequence of reduced
words Vp ∈ F¯ converges to an infinite wordW ∈ ∂F if and only if limp→+∞ |W ∧ Vp| =
+∞.
The natural actions of F and Aut(F ) on F extend continuously to F¯ : a left multiply
W : F → F by a word W ∈ F and an automorphism f : F → F extend uniquely
to homeomorphisms W : ∂F → ∂F and f¯ : ∂F → ∂F (see [C]), respectively. Any
finitely generated subgroup F ′ < F is quasi-convex [Sh1], and hence an inclusion induces
a natural embedding ∂F ′ →֒ ∂F ([CDP, p. 115]). For an injective endomorphism φ :
F → F , since F ∼= φ(F ) < F , we have ∂F ∼= ∂(φ(F )) →֒ ∂F . Therefore
Lemma 2.1. Let φ : F → F be an injective endomorphism of F . Then φ can be extended
to a continuous injective map φ¯ : ∂F → ∂F .
For now on, let φ : F → F be an injective endomorphism of F . By [DV, p.32, Lem
II.2.4], there is a cancelation bound B > 0 for φ:
|φ(W · V )| ≥ |φ(W )| + |φ(V )| − 2B,
wheneverW,V ∈ F are finite reduced words, andW · V denote the productWV if there
is no cancelation betweenW and V , i.e., |W · V | = |W |+ |V |.
LetW = w1 · · ·wi · · · ∈ ∂F be a fixed infinite reduced word of φ. Write
φ(Wi) = Wk(i) · Vi
with Wk(i) = W ∧ φ(Wi) and hence k(i) = |W ∧ φ(Wi)|. Since W is fixed by φ,
the sequence k(i) → +∞ as i increases. Bounded cancelation implies |Vi| ≤ B, and
|k(i + 1) − k(i)| is bounded by the constant max{φ(g1), . . . , φ(gn)} depending only on
φ. A fixed infinite wordW is said to be an attracting fixed word of φ if
lim
i→+∞
|W ∧ φ(Wi)| − i = +∞.
Note that there exists i0 > 0 such that for all i ≥ i0, we have k(i) ≥ i + B + 1. For any
reduced wordW ′ ∈ F¯ , letWi = W ∧W
′ andW ′ = Wi ·V
′, then φ(W ′) = φ(Wi)φ(V
′)
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and the cancelation length between φ(Wi) = Wk(i) · Vi and φ(V
′) is bounded by B.
Therefore, if |W ∧W ′| = i ≥ i0, then |W ∧ φ(W ′)| ≥ k(i)− B > i = |W ∧W ′|. So
Lemma 2.2. LetW be an attracting fixed word of φ. Then there exists an integer i0 such
that |W ∧ φ(W ′)| > |W ∧W ′| for any wordW ′ with |W ∧W ′| ≥ i0.
We say that a fixed infinite word W is an attracting fixed point of φ if there exists a
neighborhood U ofW ∈ F¯ such that
W ′ ∈ U =⇒ lim
p→+∞
φp(W ′) = W.
Note that by the definition of the initial segment metric on F¯ , W ′ ∈ U if and only if
|W ∧W ′| > r−1 − 1, where r < 1 is the radium of U .
By a similar discuss as in the proof of [GJLL, Proposition 1.1], we have
Proposition 2.3. Let W ∈ ∂F be a fixed infinite word of φ. If W is an attracting fixed
word of φ, thenW 6∈ ∂(Fixφ). Moreover,W is an attracting fixed point of φ if and only if
it is an attracting fixed word of φ.
Proof. LetW be an attracting fixed word of φ. IfW ∈ ∂(Fixφ), we can writeW = V1 ·
V2 · · · and Wsi = V1 · · ·Vi, where the reduced finite words Vi ∈ Fixφ. Then φ(Wsi ) =
Wsi and k(si) = si for all i, contradicting the hypothesis thatW is attracting. Therefore,
W 6∈ ∂(Fixφ). Moreover, pick i0 as in Lemma 2.2 and U a neighborhood with radium
< i−10 . For anyW
′ ∈ U , di.s(W,W ′) = (1+ |W ∧W ′|)−1 < i
−1
0 , hence |W ∧W
′| ≥ i0.
By Lemma 2.2, we have |W ∧φ(W ′)| > |W ∧W ′|, and hence limp→+∞ |W ∧φ
p(W ′)| =
+∞, namely, limp→+∞ φp(W ′) =W . Therefore,W is an attracting fixed point of φ.
Now let W be an attracting fixed point of φ. Then for i large enough, we have W =
limp→+∞ φ
p(Wi). Consider the words Ui = W
−1
i φ(Wi). Note that
Up = Ui =⇒ WpW
−1
i ∈ Fixφ.
If the sequence of words Up takes the same value infinity times, fix i we get
W = lim
p→+∞
Wp = lim
p→+∞
WpW
−1
i ∈ ∂(Fixφ),
contradicting the hypothesis thatW is an attracting fixed point. Therefore, limp→+∞ |Up| =
+∞. Recall that φ(Wp) =Wk(p) · Vp with |Vp| ≤ B, we have
|k(p)− p|+ B ≥ |W−1p Wk(p) · Vp| = |W
−1
p φ(Wp)| = |Up| → +∞
as p goes to infinity. Since |k(p+1)− k(p)| is bounded, andW is an attracting fixed point
of φ, we have limp→+∞(k(p)− p) = +∞, i.e.,W is an attracting fixed word of φ. 
2.2. The number a(φ) and similarity invariance. Now let us give the definition of the
number a(φ) of equivalence classes of attracting fixed points.
Definition 2.4. Let φ : F → F be an injective endomorphism of a free group F . We
say that two fixed infinite words W,W ′ ∈ ∂F are equivalent if there exists a fixed word
U ∈ Fix (φ) such that W ′ = UW . Note that any word equivalent to an attracting fixed
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word of φ is also an attracting fixed word of φ. Let A (φ) be the set of equivalence classes
of attracting fixed words of φ, and let a(φ) be the cardinality of A (φ).
Remark 2.5. Let A(φ) be the set of attracting fixed words of φ. Then A (φ) equals
Fix (φ)\A(φ), the set of orbits of Fix (φ) acting on A(φ).
For a free group F , let End(F ) (resp. Inn(F ), Inj(F )) be the set of endomorphisms
(resp. inner automorphisms, injective endomorphisms) of F .
Consider the natural left action of Inn(F ) on End(F ). For an endomorphism φ ∈
End(F ), we say that the orbit of φ is an Inn-coset, written Innφ. Namely, two endomor-
phisms φ1, φ2 ∈ End(F ) are in the same Inn-coset if and only if there exists m ∈ F
such that φ2 = im ◦ φ1 with im(g) = mgm
−1 for any g ∈ F . We say that φ1 and
φ2 are similar if m can be written as m = cφ1(c
−1) for some c ∈ F , or equivalently, if
φ2 = ic ◦ φ1 ◦ (ic)
−1.
Note that every Inn-coset is a disjoint union of similarity classes, and the rank rkFix (φ)
and the number a(φ) are both similarity invariants.
As an algebraic version of Corollary 1.6, we will prove the following stronger version
of Theorem 1.8 in Section 5.
Theorem 2.6. Let φ be an injective endomorphism of a free group Fn of rank n ≥ 2. Then
∑
[ψ]⊂Innφ
max{0, rkFix (ψ) + a(ψ)/2− 1} ≤ n− 1,
where the sum runs over all distinct similarity classes [ψ] contained in the Inn-coset Innφ.
Example 2.7. Let F be the free group of rank 1, i.e., F = 〈g | −〉 ∼= Z. Then any
endomorphism φ : F → F has the form φ(g) = gk with tr(φab) = k for some integer k.
Note that the boundary ∂F consists of two points: gg · · · g · · · and g−1g−1 · · · g−1 · · · .
We have that
tr(φab) φ(g) Fix (φ) rkFix (φ) a(φ)
0 1 {1} 0 N/A
1 g Z 1 0
k > 1 gk {1} 0 2
k < 0 gk {1} 0 0
The trivial endomorphism is not injective, and therefore a(φ) is not defined. For the iden-
tity endomorphism, each element in F is fixed. It is obvious that the two infinite words are
both fixed, but are not attracting.
3. IMPROVED CHARACTERISTIC OF FIXED POINT CLASSES
In [JWZ, Section 2], the authors gave some definitions and facts of fixed point classes
of graph selfmaps. In this section, we will state them and define a new homotopy invariant
a(f,F) ∈ N, called improved characteristic, for any fixed classF of a π1-injective selfmap
f : X → X of a connected finite graphX .
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3.1. Fixed point class. Let p : X˜ → X be the universal covering of X , with group π of
covering transformations which is identified with the fundamental group π1(X).
For any lifting f˜ : X˜ → X˜ of f , the projection of its fixed point set is called a fixed
point class of f , written F = p(Fix f˜). Strictly speaking, we say two liftings f˜ and f˜ ′ of
f are conjugate if there exists γ ∈ π such that f˜ ′ = γ−1 ◦ f˜ ◦ γ. Then F = p(Fix f˜)
is said to be the fixed point class of f labeled by the conjugacy class of f˜ . Thus, a fixed
point class always carries a label which is a conjugacy class of liftings. The fixed point set
Fix f decomposes into a disjoint union of fixed point classes. When Fix f˜ = ∅, we call
F = p(Fix f˜) an empty fixed point class.
Empty fixed point classes have the same index 0 but may have different labels hence be
regarded as different. We would better think of them as hidden rather than nonexistent.
3.2. Improved characteristic. Each lifting f˜ induces an injective endomorphism f˜π :
π → π defined by
f˜ ◦ γ = f˜π(γ) ◦ f˜ , γ ∈ π.
If two liftings f˜ and f˜ ′ label the same fixed point class F, i.e., there exists γ ∈ π such that
f˜ ′ = γ−1 ◦ f˜ ◦ γ, then the induced endomorphism f˜ ′π = iγ−1 ◦ f˜π ◦ iγ ∈ Inj(π) and
hence the fixed subgroup Fix (f˜π) ∼= Fix (f˜ ′π) and the number a(f˜π) = a(f˜
′
π).
The stabilizer of a fixed point class F = p(Fix f˜) is defined as the subgroup
Stab(f,F) := {γ ∈ π|γ−1 ◦ f˜ ◦ γ = f˜},
which is identical to the fixed subgroup Fix (f˜π) = {γ ∈ π|f˜π(γ) = γ}. Up to group
isomorphism, it is independent of the choice of f˜ in its conjugacy class.
For nonempty fixed point classes, the definitions above reduces to the simpler ones
given in Section 1.
Definition 3.1. Let f : X → X be a π1-injective graph map, and F = p(Fix f˜) be any
fixed point class of f . Define rk(f,F) := rkStab(f,F), a(f,F) := a(f˜π), and define the
improved characteristic of F to be
ichr(f,F) := 1− rk(f,F)− a(f,F).
Remark 3.2. Note that 2χ(X)− 1 ≤ ichr(f,F) ≤ 1 by Corollary 1.6.
By the same argument as the proof of Proposition 2.3 in [GJLL], we have
Proposition 3.3. Let f : X → X be a π1-injective selfmap of a graph. Then for each
empty fixed point class F of f , we have 0 ≤ ichr(F) ≤ 1.
Proof. LetF = p(Fix f˜) be a fixed point class of f . By definition, ichr(F) = 1− rk(F)−
a(F) ≤ 1.We will show that f˜ has a fixed point when ichr(F) < 0.
For the lifting f˜ : X˜ → X˜ , as in [BH, p. 19], we have the following:
Fixed point criterion. Let x, y ∈ X˜ be two distinct points with the property that f˜(x) is
distinct from x and is not contained in the same connected component of X˜\x as y, and
conversely. Then f˜ has a fixed point on the path [x, y].
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Let every edge ofX have length 1. ThenX becomes a metric graph, and equip X˜ with
the lifted metric. For any point P ∈ X˜ , the map
j : π → X˜, w 7→ wP
gives a quasi-isometric embedding from the covering transformation group π to X˜ . This
induces a homeomorphism between ∂π and the space ∂X˜ of ends of X˜ , which is inde-
pendent of the choice P . Moreover, the distance between f˜(j(w)) = f˜π(w)f˜ (P ) and
j(f˜π(w)) = f˜π(w)P is bounded by the distance between P and f˜(P ), independent of
w ∈ π. It follows that the extension of f˜ to ∂X˜ agrees with the extension of f˜π to ∂π.
Therefore, an attracting fixed point of f˜π defines an attracting fixed point of f˜ on ∂X˜ .
If ichr(F) < 0, namely, rkFix (f˜π) + a(f˜π) > 1 by definition. First assume that f˜π
has two distinct (possible equivalent) attracting fixed points W1,W2 ∈ ∂π. Then any
two points x, y ∈ X˜ sufficiently close to the corresponding attracting fixed points in ∂X˜
satisfy the hypothesis of the above fixed point criterion, and f˜ has a fixed point. Such
points W1,W2 exist if a(f˜π) ≥ 2. They also exist if a(f˜π) = 1 while rkFix (f˜π) =
1, namely there exist an attracting fixed point W1 ∈ ∂π and a nontrivial element u ∈
Fix (f˜π), because in this case, we can takeW2 = uW1. The only remaining case is when
rkFix (f˜π) ≥ 2, then [BH, Lemma 2.1] applies. 
3.3. Alternative definitions. The above definitions of fixed point class and improved
characteristic involve covering spaces. Now we state an alternative approach using paths
(introduced in [JWZ, §2]), which is convenient for us to prove the homotopy invariance of
ichr(F).
Definition 3.4. By an f -routewe mean a homotopy class (rel. endpoints) of pathw : I →
X from a point x ∈ X to f(x). For brevity, we shall often say the path w (in place of the
path class [w]) is an f -route at x = w(0). An f -route w gives rise to an endomorphism
fw : π1(X, x)→ π1(X, x), [a] 7→ [w(f ◦ a)w]
where a is any loop based at x, and w denotes the reverse of w. For brevity, we will write
fπ : π1(X) → π1(X) when w and the base point x are omitted. Two f -routes [w] and
[w′] are conjugate if there is a path q : I → X from x = w(0) to x′ = w′(0) such that
[w′] = [qw(f ◦ q)], that is, w′ and qw(f ◦ q) homotopic rel. endpoints. We also say that
the (possibly tightened) f -route qw(f ◦ q) is obtained from w by an f -route move along
the path q.
Note that a constant f -route w corresponds to a fixed point x = w(0) = w(1) ∈ Fix f ,
and the endomorphism fw becomes the usual
fπ : π1(X, x)→ π1(X, x), [a] 7→ [f ◦ a],
where a is any loop based at x. Two constant f -routes are conjugate if and only if the
corresponding fixed points can be joined by a Nielsen path. This gives the following defi-
nition.
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Definition 3.5. With an f -route w (more precisely, with its conjugacy class) we associate
a fixed point class Fw of f , which consists of the fixed points that correspond to constant
f -routes conjugate to w. Thus fixed point classes are associated bijectively with conjugacy
classes of f -routes. A fixed point classFw can be empty if there is no constant f -route con-
jugate to w. Empty fixed point classes are inessential and distinguished by their associated
route conjugacy classes.
Note that this definition is equivalent to the traditional one in Section 3.1 because an
r-route specifies a lifting f˜ . If two f -route w,w′ are associated to the same fixed point
class F of a π1-injective graph map f : X → X , then there is a path q : I → X from
x = w(0) to x′ = w′(0) such that [w′] = [qw(f ◦ q)]. It implies a commutative diagram:
π1(X, x)
q# ∼=

fw
// π1(X, x)
q# ∼=

π1(X, x
′)
f
w′
// π1(X, x
′)
where q# : π1(X, x) → π1(X, x′), [a] 7→ [q¯aq] is the induced isomorphism by q. There-
fore, rkFix (fw) = rkFix (f
′
w) and a(fw) = a(fw′), and we can define:
Definition 3.6. For a fixed point class Fw of a π1-injective graph map f : X → X , the
stabilizer of Fw is defined to be
Stab(f,Fw) := Fix (fw) = {γ ∈ π1(X,w(0))|fw(γ) = γ},
which is well defined up to isomorphism. Define rk(f,Fw) := rkStab(f,Fw), a(f,Fw) :=
a(fw), and define the improved characteristic of Fw to be
ichr(f,Fw) := 1− rk(f,Fw)− a(f,Fw).
3.4. Invariance. Under a homotopyH = {ht}t∈I : X → X , each h0-route w0 gives rise
to an h1-route w1 = w0 ·H(w0(0)), whereH(w0(0)) is the path {ht(w0(0))}t∈I . Clearly
w0 and w1 share the same starting point w0(0), and
(h0)w0 = (h1)w1 : π1(X,w0(0))→ π1(X,w0(0)).
The function w0 7→ w1 defines the fixed point class function Fw0 7→ Fw1 induced by the
homotopy. Therefore, when hi is π1-injective, we have the following fact on the improved
characteristic, that is parallel to the one of stabilizer (see [JWZ, §2]).
Fact 1 (Homotopy invariance). A homotopy H = {ht}t∈I : X → X gives rise to a
bijective correspondenceH : F0 7→ F1 from Fpc(h0) to Fpc(h1) with
ind(h0,F0) = ind(h1,F1), Stab(h0,F0) ∼= Stab(h1,F1), a(h0,F0) = a(h1,F1),
which indicate that the index ind(F) and the improved characteristic ichr(F) are homo-
topy invariants.
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An inj-morphism from a π1-injective graph map f : X → X to a π1-injective graph
map g : Y → Y means a π1-injective map h : X → Y such that h ◦ f = g ◦ h. For an
f -route w at x = w(0), h induces a commutative diagram:
π1(X, x)
hpi

fw
// π1(X, x)
hpi

π1(Y, h(x))
gh◦w
// π1(Y, h(x))
where hπ : π1(X, x) → π1(Y, h(x)) defined by [a] 7→ [h ◦ a] is the injective homomor-
phism induced by h.
Clearly, hπ|Fix (fw) : Fix (fw) → Fix (gh◦w) is injective. For any two attracting fixed
words W 6= V of fw, by Lemma 2.1, h¯π(W ) 6= h¯π(V ) are two attracting fixed words
of gh◦w. So W 7→ h¯π(W ) defines an injection h¯π : A(fw) →֒ A(gh◦w) from the set of
attracting fixed words of fw to that of gh◦w.
Fact 2 (Morphism). An inj-morphism h from a π1-injective selfmap f of graph X to a
π1-injective selfmap g of graph Y induces a natural function w 7→ h ◦ w from f -routes to
g-routes and a function Fw 7→ Fh◦w from Fpc(f) to Fpc(g) such that h(Fw) ⊂ Fh◦w,
and two injections
hπ : Stab(f,Fw) →֒ Stab(g,Fh◦w), h¯π : A(fw) →֒ A(gh◦w).
Furthermore, when hπ|Fix (fw) : Fix (fw)
∼= Fix (gh◦w), two attracting fixed words
W,V ∈ A(fw) are equivalent if and only if their images h¯π(W ), h¯π(V ) ∈ A(gh◦w) are
equivalent, namely, there exists a word ω ∈ Fix (gh◦w) such that h¯π(W ) = ωh¯π(V ) if
and only if W = h−1π (ω)V . It implies an injection h¯π : A (fw) →֒ A (gh◦w) defined by
[W ] 7→ [h¯π(W )], where [W ] denotes the equivalence class represented byW . Therefore
Fact 3 (Commutation invariance). Suppose φ : X → Y and ψ : Y → X are π1-injective
graph maps. Then the π1-injective selfmap ψ ◦ φ : X → X and φ ◦ ψ : Y → Y are said
to differ by a commutation. The inj-morphism φ between them sets up a natural bijective
correspondence Fψ◦φ 7→ Fφ◦ψ from Fpc(ψ ◦ φ) to Fpc(φ ◦ ψ), with
ind(ψ ◦ φ,Fψ◦φ) = ind(φ ◦ ψ,Fφ◦ψ),
and
Stab(ψ ◦ φ,Fψ◦φ) ∼= Stab(φ ◦ ψ,Fφ◦ψ), a(ψ ◦ φ,Fψ◦φ) = a(φ ◦ ψ,Fφ◦ψ),
which indicate that ind(F) and ichr(F) are commutation invariants.
Remark 3.7. A homotopy may create nonempty fixed point classes, or remove fixed point
classes. The above correspondence is bijective only when empty fixed point classes are
taken into account.
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Example 3.8. Let f : S1 → S1 be a π1-injective selfmap of the circle. Then f can be
homotoped to a map g : S1 → S1 defined by g(eiθ) = eikθ , where k 6= 0 is the degree
of f . Note that all fixed point classes of g induce the same homomorphism gπ(z) = z
k
where z is a generator of the fundamental group π1(S
1) = Z.
If k = 1, then g is the identity and every fixed point class F of g is inessential, i.e.,
ind(F) = 0. From Example 2.7, we have that rk(F) = 1, a(F) = 0 and hence
ind(F) = ichr(F) = 1− rk(F)− a(F) = 0.
If k 6= 1, then every lifting of g has a fixed point and hence every fixed point class F
of g consists of a single point. It is well-known that all these fixed point classes have the
same index ind(F) = sgn(1− k). From Example 2.7, we also have ind(F) = ichr(F).
So, by the homotopy invariance, we have
ind(F) = ichr(F)
for every fixed point class F of f : S1 → S1.
4. GRAPH MAPS
In this section, we will study properties of the improved characteristic of graph maps.
Since our discussion of graphmaps is based on Bestvina and Handel’s theory of train tracks
[BH]. We follow their terminology first.
4.1. Relative train trackmap. A graphX is a 1-dimensional (or possibly 0-dimensional)
finite cellular complex. The 0-cells and (open) 1-cells are called vertices and edges respec-
tively. A graph map f : X → Y is a cellular map, that is, it maps vertices to vertices. Up
to homotopy there is no loss to assume that the restriction of f to every edge e of X is either
locally injective or equal to a constant map. A graph map f : X → Y is π1-injective if it
induces an injective homomorphism of the fundamental group on each component of X .
It is an immersion if it sends edges to edges and it is locally injective at vertices. Clearly
immersions are always π1-injective.
A path p in a graphX is a map p : [0, 1]→ X that is either locally injective or equal to a
constant map, in the latter case we say that p is a trivial path. Combinatorially, a nontrivial
path consists of a finite sequence e1, e2, . . . , ek of oriented edges ei with consecutive edges
ei, ei+1 adjacent but ei+1 not the inverse e¯i of ei. For a nontrivial path p inX , its initial tip
is the maximal initial open subpath that lies in an edge of X . The terminal tip is defined
similarly.
A ray ρ in a connected graph X (equipping each edge with length 1) is a locally iso-
metric map ρ : [0,+∞) → X , or combinatorially, a ray consists of an infinite sequence
e1, e2, . . . of oriented edges ei with consecutive edges ei, ei+1 adjacent but ei+1 not the
inverse of ei. The point ρ(0) is called the origin of ρ. If fixing a universal covering
q : X˜ → X and v˜ ∈ q−1(ρ(0)), then a lifting ρ˜ : [0,+∞) → X˜ with origin ρ˜(0) = v˜
is an isometric embedding, and its image looks like a real ray in the tree X˜ . A sub-ray of
a ray ρ˜ means a restriction ρ˜|[n,+∞]. For any two points x˜, y˜ ∈ X˜ , let [x˜, y˜] denote the
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unique path from x˜ to y˜ in the tree X˜ . Two rays (with different origins) are equivalent if
their intersection has infinite length. In particular, a ray is always equivalent to its sub-rays.
Each equivalence class of rays in X˜ defines an end of the tree X˜ . Let ∂X˜ denote the space
of all the ends of X˜ . Note that there is a bijective correspondence between the space ∂X˜
and the set of rays in X˜ with the same origin. For brevity, we often identify a ray or a path
with its image.
A turn in X is an unordered pair of oriented edges of X originating at a common
vertex. A turn is nondegenerate if it is defined by distinct oriented edges, and is degenerate
otherwise. A graph map f : X → Y induces a function Df on the set E(X) of oriented
edges ofX by sending an oriented edge e to the first oriented edge of f(e); if f(e) is trivial
we say Df(e) = 0. A turn {e1, e2} is illegal with respect to f : X → Y if the image
{Dfk(e1), Dfk(e2)} under some iterate ofDf is degenerate, and is legal otherwise.
For a selfmap f : X → X of graph X , an f -Nielsen path is a nontrivial path p in
X joining two fixed points of f such that f ◦ p ≃ p rel. endpoints; it is indivisible if it
cannot be written as a concatenation p = p1 · p2, where p1 and p2 are subpaths of p that
are f -Nielsen paths.
Add [BH, Lemma 5.11] or [DV, Proposition IV 3.2] to [JWZ, Theorem BH], we have
the following theorem summarizing the results of Bestvina and Handel [BH] that we need.
Theorem 4.1. [JWZ, Theorem BH] Let X be a connected graph but not a tree, and let
f : X → X be a π1-injective map. Then f has the same homotopy type as a graph selfmap
β : Z → Z , where Z is a connected graph without vertices of valence 1 and all fixed points
of β are vertices, and there is a β-invariant proper subgraph Z0, containing all vertices of
Z . The map β : (Z,Z0)→ (Z,Z0) of the pair is of one of the following types.
Type 1 : β sends Z into Z0.
Type 2 : β cyclically permutes the edges in Z\Z0.
Type 3 : β expands edges of Z\Z0 by a factor λ > 1 with respect to a suitable non-
negative metric L supported on Z\Z0, and has the properties (a)-(c) below.
(a) For every oriented edge e in Z\Z0,Dβ(e) lies in Z\Z0.
(b) There is at most one indivisible β-Nielsen path that intersects Z\Z0.
(c) If p is an indivisible β-Nielsen path that intersects Z\Z0, then p = p1p¯2, where
p1, p2 are β-legal paths with length L(p1) = L(p2), and the turn {p¯1, p¯2} is the unique
illegal turn in Z\Z0 (at a vertex vp = p1(1) = p2(1) of valence≥ 3 in Z) which degener-
ates under Dβ. Moreover, β(pi) = pit (i = 1, 2) where t is a β-legal path (see Figure 1
below).
A graph map as in Theorem 4.1 is called a relative train track map, for short, say an
RTT map.
Let β : (Z,Z0)→ (Z,Z0) be an RTT map. Denote β0 := β|Z0 : Z0 → Z0. In order to
discuss the index and the improved characteristic, we introduce some notations.
Let V(Z) be the set of vertices of Z , and E(Z\Z0) the set of oriented edges of Z\Z0.
For a fixed vertex v ∈ V(Z), let δ(v) be the number of oriented edges e ∈ E(Z\Z0) with
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FIGURE 1. An indivisible Nielsen path.
the additional requirement that e gets initially expanded along itself by β (In Type 2, when
Z\Z0 is a single edge e, consider that e gets initially expanded along itself on one tip and
shrinks on the other), that is
∆(v) := {e ∈ E(Z\Z0)|e(0) = v, Dβ(e) = e}, δ(v) := #∆(v).
For a nonempty fixed point class F of β, let
∆(F) := {e ∈ E(Z\Z0)|e(0) ∈ F, Dβ(e) = e} =
⊔
v∈F
∆(v),
and let δ(F) := #∆(F) =
∑
v∈F δ(v). Recall that ind(β, v) = ind(β0, v)− δ(v) for any
fixed point v of β0. So, by the additivity of index, for every β-fixed point class F, we have
(4.1) ind(β,F) = ind(β0,F)− δ(F),
where ind(β0,F) =
∑k
i=1 ind(β0,Fi) ifF = ⊔Fi is a union of finite many β0-fixed point
classes Fi, i = 1, . . . , k.
4.2. A bijective correspondence. For any nonempty fixed point classF of β : Z → Z , to
give some information on a(β,F), we fix a universal covering q : Z˜ → Z˜ of Z , with group
π of covering transformations identified with the fundamental group π1(Z, v0) for v0 ∈ F.
Pick v˜0 ∈ q−1(v0) and a lifting β˜ : Z˜ → Z˜ of β with β˜(v˜0) = v˜0, then F = q(Fix β˜), and
the lifting β˜ induces an injective endomorphism βπ : π → π defined by
(4.2) β˜ ◦ γ = βπ(γ) ◦ β˜, ∀γ ∈ π.
Endow Z˜ with a metric d with each edge length 1. Then the map
j : π → Z˜, γ 7→ γ(v˜0)
is π-equivariant (i.e. α(j(γ)) = j(αγ) for any α, γ ∈ π), and gives a quasi-isometric em-
bedding from the covering transformation group π to the covering space Z˜. This induces
a π-equivariant homeomorphism j¯ : ∂π → ∂Z˜ between ∂π and the space ∂Z˜ of ends
of Z˜. Moreover, since β˜(j(γ)) = βπ(γ)(β˜(v˜0)) = βπ(γ)(v˜0) = j(βπ(γ)), we have a
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commutative diagram
π
j

βpi
// π
j

Z˜
β˜
// Z˜
It follows that the extension of β˜ to ∂Z˜ agrees with the extension of βπ to ∂π. Therefore,
we have
Assertion ⋆. An attracting fixed word W ∈ ∂π of βπ defines an attracting fixed point
j¯(W ) ∈ ∂Z˜ of β˜, and the π-equivariant homeomorphism j¯ : ∂π → ∂Z˜ induces a bijective
correspondence
j¯|A(βpi) : A(βπ)→ A(β˜)
between the set A(βπ) of attracting fixed words of βπ in ∂π and the set A(β˜) of attracting
fixed points of β˜ in ∂Z˜.
Here a fixed end E ∈ A(β˜) represented by a ray ρ˜ = e˜1 · · · e˜i · · · ⊂ Z˜ is an attracting
fixed point of β˜, if there exists a numberN > 0 such that for any point x˜ ∈ Z˜ , we have
d([v˜0, x˜] ∩ ρ˜) > N =⇒ lim
k→+∞
d([v˜0, β˜
k(x˜)] ∩ ρ˜) = +∞,
that is the same as the one in free groups (see Section 2.1).
4.3. RTT map of Type 3. In this subsection, let β : (Z,Z0) → (Z,Z0) be an RTT map
of Type 3 in Theorem 4.1.
A path with no illegal turns in Z\Z0 is said to be β-legal. Under the non-negative
metric L supported on Z\Z0, we have L(β(σ)) = λL(σ) for any β-legal path σ. For
convenience, we state [BH, Lemma 5.8] as follows:
Lemma 4.2. Suppose σ = µ1τ1µ2 . . . τl−1µl is a decomposition of a β-legal path σ into
subpaths µj ⊂ Z\Z0 and τj ⊂ Z0. Then
[β(σ)] = β(µ1) · [β(τ1)] · β(µ2) · · · [β(τl−1)] · β(µl)
and is β-legal. Here [β(σ)] denotes the path tightened from β(σ), and β(µi) · [β(τi)]
indicates that the turns between β(µi) and [β(τi)] are legal.
In the following, we shall give a key lemma that summarizes the relation between β-
invariant edges and attracting fixed words of βπ.
Lemma 4.3. Let β : (Z,Z0)→ (Z,Z0) be an RTT map of Type 3, andF a nonempty fixed
class of β. Suppose v0 ∈ F ⊂ V(Z) is a fixed point of β, and βπ : π1(Z, v0)→ π1(Z, v0)
is the induced injective endomorphism of β. Then
(1) Every oriented edge e ∈ ∆(F) defines an equivalence class We of attracting fixed
words of βπ, and We does not contain any attracting fixed word of (β0)π : π1(Z0, v0) →
π1(Z0, v0).
(2) Suppose ei ∈ ∆(F) (i = 1, 2) are two edges with initial points ei(0) two (possibly
the same) fixed points in F. Then We1 and We2 are equal if and only if there exists an
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indivisible Nielsen path p = p1p¯2 as in Type 3(c) of Theorem 4.1 such that ei = Dβ(pi)
are the initial edges of the β-legal paths pi for i = 1, 2.
(3) For every equivalence class W of attracting fixed words of βπ not containing an
attracting fixed word of (β0)π, there exists an oriented edge e ∈ ∆(F) such that W = We.
Proof. Pick a universal covering q : Z˜ → Z˜ and a lifting β˜ : Z˜ → Z˜ as in Section 4.2.
Let Z˜0 := q
−1(Z0).
(1) For any edge e ∈ ∆(F), let v := e(0) ∈ F. Recall that there is a non-negative
metric L supported on Z\Z0, such that β expands e by a factor λ > 1 with respect to L,
namely, L(β(e)) = λL(e), which implies that β(e) passes at least two edges of Z\Z0.
Property (a) in Theorem 4.1 implies both tips of β(e) are in Z\Z0. Furthermore, we have
a decomposition of β(e) as in Lemma 4.2, β(e) = e · τ1 · µ2 · · · τl−1 · µl is a β-legal path,
and
[β2(e)] = β(e) · [β(τ1)] · β(µ2) · · · [β(τl−1)] · β(µl)
= e · τ1 · µ2 · · · τl−1 · µl · [β(τ1)] · β(µ2) · · · [β(τl−1)] · β(µl).
By induction, the common initial segment [βk(e)] ∩ [βk+1(e)] = [βk(e)] for any k ∈ N.
Therefore, we can define β∞(e) := limk→+∞[β
k(e)]. Note that β(β∞(e)) = β∞(e), so
it is a β-invariant ray in Z .
Below we will lift β∞(e) to the universal covering q : Z˜ → Z˜, and then show that the
lifting is an attracting fixed point of β˜.
Recall that β˜ : Z˜ → Z˜ is a lifting of β such that β˜(v˜0) = v˜0. Since v and v0 are in the
same fixed point class F, we have q−1(v) ∩ Fix β˜ 6= ∅. Pick a lifting v˜ ∈ q−1(v) ∩ Fix β˜
and a lifting e˜ of e with e˜(0) = v˜. Then we have a β˜-invariant ray
β˜∞(e˜) := lim
k→+∞
[β˜k(e˜)] =
⋃
k→+∞
[β˜k(e˜)] : [0,+∞]→ Z˜
which is a lifting of β∞(e), with origin v˜.
Endow Z˜ with the lifted metric of L (still written L), we have L([β˜k(e˜)]) = λkL(e˜). If
we equip Z˜ with the natural metric d with each edge length 1, then we have
d([β˜k(e˜)]) ≥ L([β˜k(e˜)])/l0 = λ
kL(e˜)/l0
where l0 := max{L(e)|e ∈ E(Z)} is finite because Z is a finite graph. So the “bounded
cancellation lemma” ([C] or [DV]) implies that there exists N > 0 such that for any point
x˜ ∈ Z˜,
d([v˜0, x˜] ∩ β˜
∞(e˜)) > N =⇒ lim
k→+∞
d([v˜0, β˜
k(x˜)] ∩ β˜∞(e˜)) = +∞,
i.e., the end represented by the β˜-invariant ray β˜∞(e˜) is an attracting fixed point of β˜
on the space ∂Z˜. By Assertion ⋆, it defines an attracting fixed word We˜ of βπ, that is,
j¯(We˜) = β˜
∞(e˜).
If e˜′ is another lifting of e with origin v˜′ ∈ q−1(v)∩Fix β˜, there exists ω ∈ π such that
ω(v˜) = v˜′. It implies ω ∈ Fix (βπ) and the ray β˜
∞(e˜′) = ω(β˜∞(e˜)). So the attracting
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fixed pointWe˜′ = ωWe˜, namely,We˜′ andWe˜ are equivalent and hence represent the same
equivalence class of attracting fixed points of βπ, which is denoted by We.
If U is an attracting fixed word of (β0)π, then the ray j¯(U) ⊂ q−1(Z0) and has length
L(j¯(U)) = 0, but any ray representing We has length L = ∞. So the equivalence class
We can not contain any attracting fixed word of (β0)π.
(2) For two edges ei ∈ ∆(F) (i = 1, 2)with initial points ei(0) two (possibly the same)
fixed points in F, if there exists an indivisible Nielsen path p = p1p¯2 as in Type 3(c) of
Theorem 4.1 such that ei = Dβ(pi) for i = 1, 2, by lifting p to the universal covering
Z˜, we have an indivisible Nielsen path p˜ = p˜1 ˜¯p2 of β˜ with tips Dβ˜(p˜i) = e˜i that is a
lifting of ei. Moreover, since β˜(p˜i) = p˜it˜ for t˜ a β˜-legal path, the intersection of the rays
β˜∞(e˜1) = β˜
∞(p˜1) and β˜
∞(e˜2) = β˜
∞(p˜2) have infinite length, which implies that they
represent the same end of Z˜ and hence the same attracting fixed point of β˜. Therefore, by
the above Assertion ⋆, e1 and e2 define the same equivalence class We1 = We2 of attracting
fixed words of βπ.
Conversely, if the two equivalence classes We1 and We2 of attracting fixed words of βπ
are the same, there exists lifting e˜i of ei such that We˜1 = We˜2 . It implies that the inter-
section ρ˜ := β˜∞(e˜1) ∩ β˜∞(e˜2) of the two β˜-invariant rays β˜∞(e˜i) has length L(ρ˜) =∞.
So we can denote β˜∞(e˜i) = p˜iρ˜, where p˜i is a β˜-legal path with initial edge e˜i, and the
turn { ¯˜p1, ¯˜p2} is nondegenerate, but the turn {Dβ˜(¯˜p1), Dβ˜(¯˜p2)} is degenerate. So p˜1 ¯˜p2
equals the tightened path [β˜(p˜1 ¯˜p2)] and hence is a Nielsen path of β˜. Furthermore, since β˜
expands p˜i by the factor λ > 1 w.r.t the metric L, the initial point p˜i(0) is the unique fixed
point in p˜i. It follows that the Nielsen path p˜1 ¯˜p2 is indivisible, and hence p1p¯2 := q(p˜1 ¯˜p2)
is an indivisible Nielsen path satisfying the property in claim (2).
(3) For any equivalence class W of attracting fixed words with property as in claim (3),
by the above Assertion ⋆, there existsW ∈ W such that j¯(W ) ∈ ∂Z˜ is an attracting fixed
point of β˜. Suppose ρ : [0,+∞] → Z˜ is a ray representing j¯(W ) with origin ρ(0) = v˜0
(see Figure 2 below). Since j¯(W ) is attracting (under the metric d on Z˜ that every edge has
length 1), the set Sρ := ρ ∩ Fix β˜ of β˜-fixed points in ρ is finite. Indeed, if Sρ is infinite,
there exists an infinite sequence v˜i ∈ Sρ such that the length d([v˜0, v˜i]) of β˜-Nielsen path
goes to infinity as i → +∞, but for any given v˜i ∈ Sρ, d([v˜0, β˜k(v˜i)] ∩ ρ) = d([v˜0, v˜i])
does not go to infinity as k → +∞, contradicting that ρ is attracting.
Let v˜′ be the last one in Sρ, that is
d([v˜0, v˜
′]) = max{d([v˜0, v˜i]) | v˜i ∈ Sρ}.
Let ρ′ denote the sub-ray of ρ with fixed origin ρ′(0) = v˜′, and let e˜ be the initial oriented
edge of ρ′ with e˜(0) = v˜′. Note that ρ′ also represents the equivalence classW of attracting
fixed points of β˜. In the tree Z˜ , if Dβ˜(e˜) 6= e˜, then any two points x, y ∈ ρ′ sufficiently
close to v˜′ and ∂Z˜ respectively satisfy the hypothesis of the fixed point criterion (see the
proof of Proposition 3.3), and hence β˜ has a fixed point in the path [x, y] ⊂ ρ′, that is, β˜
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has another fixed point but not v˜′ in ρ′, contradicting with the choice of v˜′. Therefore, we
haveDβ˜(e˜) = e˜ and [β˜(ρ′)] = ρ′.
Below we will show that e˜ ⊂ Z˜\Z˜0.
Recall that the equivalence class W represented by ρ′ does not contain any fixed word
in ∂π1(Z0), then ρ
′ contains at least one edge in Z˜\Z˜0. Let e˜′ ∈ E(Z˜\Z˜0) be the first one
along ρ′ from its origin v˜′, that is
d([v˜′, e˜′(0)]) := min{d([v˜′, e˜i(0)]) | e˜i ∈ ρ
′ ∩ E(Z˜\Z˜0)}.
It follows that the (possibly trivial) path ρ1 := [v˜
′, e˜′(0)] ⊂ Z˜0, and e˜′ is not contained in
β˜(ρ1) ⊂ Z˜0.
Now we claim that ρ1 is trivial. Otherwise, if ρ1 is nontrivial, namely, e˜ ⊂ Z˜0 and
e˜ 6= e˜′. Write ρ′ = ρ1ρ2 for ρ2 = ρ′\ρ1 the sub-ray of ρ′ with origin ρ2(0) = e˜′(0).
Since v˜′ is the only fixed point in ρ′ and β˜(ρ1) does not contain the edge e˜
′, we have β˜(ρ2)
contains ρ2 as a proper sub-ray, that is, β˜(e˜
′(0)) is not in the same connected component
of Z˜\e˜′(0) as e˜′(1). Then e˜′(0) and any point y ∈ ρ′ sufficiently close to ∂Z˜ satisfy the
hypothesis of the fixed point criterion, and β˜ has a fixed point in the path [e˜′(0), y] ⊂ ρ′. It
contradicts that v˜′ is the unique fixed point in ρ′.
Therefore, ρ1 is trivial, that is, e˜ = e˜
′ ⊂ Z˜\Z˜0, then ρ′ = β˜∞(e˜) = j¯(We˜). It follows
W = We for e = q(e˜) ∈ ∆(F), so claim (3) holds.
· · · · · ·
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 
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ρ(0) = v˜0 v˜1 v˜2
v˜′
x y
e˜′(0)
︷ ︸︸ ︷e˜
︷ ︸︸ ︷e˜
′
︷ ︸︸ ︷ρ
′
︸ ︷︷ ︸
ρ1
︸ ︷︷ ︸
ρ2
v˜′ = e˜(0) = ρ′(0), e˜′(0) = ρ2(0)
FIGURE 2. The ray ρ and its sub-ray ρ′

4.4. RTT map of Type 1 and Type 2. Let β : (Z,Z0) → (Z,Z0) be an RTT map, and
β0 := β|Z0 . If β is of Type 1, then βπ|π1(Z0,v) = (β0)π : π1(Z0, v) → π1(Z0, v) and
βπ(π1(Z, v)) ⊂ π1(Z0, v). So Fix (βπ) = Fix (β0)π and a(βπ) = a(β0)π immediately.
For an RTT map of Type 2, we have
Lemma 4.4. Let β : (Z,Z0) → (Z,Z0) be an RTT map of Type 2. Then every attracting
fixed word of βπ is equivalent to a one of (β0)π .
Proof. Pick a lifting β˜ : Z˜ → Z˜ as in Section 4.3.
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For an attracting fixed wordW of βπ, by the aboveAssertion ⋆, there exists an attracting
fixed point j¯(W ) ∈ ∂Z˜ of β˜. Suppose ρ : [0,+∞] → Z˜ is a ray representing j¯(W ) with
origin ρ(0) = v˜0. Since j¯(W ) is attracting (under the metric d on Z˜ that every edge has
length 1), as in the proof of claim (3) in Lemma 4.3, we can show the set Sρ := ρ ∩ Fix β˜
is finite, and let ρ′ be the sub-ray of ρ such that the origin ρ′(0) = v˜′ is the only fixed point
in ρ′.
Let e˜ be the initial oriented edge of ρ′ with e˜(0) = v˜′, as in the proof of claim (3) in
Lemma 4.3, we also haveDβ˜(e˜) = e˜ and [β˜(ρ′)] = ρ′. Recall that β is an RTT of Type 2,
if e˜ ⊂ Z˜\Z˜0, then Z\Z0 has only one edge q(e˜), and hence β˜(e˜) = e˜, contradicting that
the origin v˜′ is the only fixed point in ρ′. Therefore, e˜ ⊂ Z˜0.
If ρ′ 6⊂ Z˜0, it contains an oriented edge e˜
′ ⊂ Z˜\Z˜0. Since β˜(e˜
′) ⊂ Z˜\Z˜0 and β˜(Z˜0) ⊂
Z˜0, by the same argument as in the proof of claim (3) in Lemma 4.3, we can show β˜
has another fixed point but not v˜′ in ρ′, contradicting that v˜′ is the only fixed point in ρ′.
Therefore, the sub-ray ρ′ ⊂ Z˜0, and represents an attracting fixed point j¯(W ′) of β˜0 for
W ′ an attracting fixed word of (β˜0)π . It follows that the attracting fixed point W of β˜ is
equivalent toW ′. So Lemma 4.4 is true. 
4.5. Property of ichr(F) of RTT map. In this subsection, we give some relations be-
tween ichr(β0,F0) and ichr(β,F).
Proposition 4.5. Let β : (Z,Z0) → (Z,Z0) be an RTT map as in Thereom 4.1, and
β0 := β|Z0 . If there exists an indivisible β-Nielsen path p that intersects Z\Z0, it is
unique. (In Type 2 when Z\Z0 is a single edge e, take p = e, and consider that e gets
initially expanded along itself on one tip and shrinks on the other.) There are three possible
cases.
(i) No such path p exists (as always in Type 1, in Type 2 when Z\Z0 has more than one
edge, and possibly in Type 3). Then the β-fixed point classes are the same as the β0-fixed
point classes, and
rk(β,F0) = rk(β0,F0), a(β,F0) = a(β0,F0) + δ(F0)
for all β0-fixed point classes F0.
(ii) The path p connects two different β0-fixed point classesF
′
1 andF
′
2. Then the β-fixed
point classes are the same as the β0-fixed point classes, except that F
′
1 and F
′
2 combine
into a single β-fixed point class F′ = F′1 ∪ F
′
2. We have
rk(β,F′) = rk(β0,F
′
1) + rk(β0,F
′
2), a(β,F
′) = a(β0,F
′
1) + a(β0,F
′
2) + δ(F
′)− 1,
and for each β-fixed point class F0 6= F
′,
rk(β,F0) = rk(β0,F0), a(β,F0) = a(β0,F0) + δ(F0).
(iii) The path p has both endpoints in a β0-fixed point class F
′
0. Then the β-fixed point
classes are the same as the β0-fixed point classes, and
rk(β,F′0) = rk(β0,F
′
0) + 1, a(β,F
′
0) = a(β0,F
′
0) + δ(F
′
0)− 1,
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and for each β-fixed point class F0 6= F′0,
rk(β,F0) = rk(β0,F0), a(β,F0) = a(β0,F0) + δ(F0).
Proof. The proof of the equalities of a(·) relies mainly on Lemma 4.3 and Lemma 4.4.
Although the equalities of rk(·) have been proved in [JWZ, Corollary BH], to be referenced
easily, we state them in the following.
At first, let’s review some notations.
For a fixed point v of β, as in Definition 3.4, let βv : π1(Z, v) → π1(Z, v) be the in-
duced natural injective endomorphism and (β0)v = βv|π1(Z0,v) : π1(Z0, v) → π1(Z0, v).
For φ ∈ {βv, (β0)v}, let A(φ) be the set of attracting fixed words of φ. The set A (φ) =
A(φ)/ ∼ is the equivalence classes of attracting fixed words of φ (where W,V ∈ A(φ)
are equivalent if and only if W = ωV for some ω ∈ Fix (φ)). Clearly, the inclusion ι :
(Z0, v) →֒ (Z, v) is an inj-morphism from β0 : (Z0, v) → (Z0, v) to β : (Z, v) → (Z, v),
then by Fact 2 in Section 3.4, Fix (β0)v ⊂ Fix (βv) andA(β0)v ⊂ A(βv).
Moreover, for two attracting fixed words W,V ∈ A(β0)v that are in the same equiva-
lence class in A (βv), i.e., W = ωV for some ω ∈ Fix (βv), since W,V ∈ ∂π1(Z0, v)
and π1(Z, v) = π1(Z0, v) ∗G forG a free subgroup of π1(Z, v), we have ω ∈ Fix (βv) ∩
π1(Z0, v) = Fix (β0)v . SoW,V are also in the same equivalence class in A (β0)v. There-
fore, the inclusionA(β0)v ⊂ A(βv) induces an injection
(4.3) ι¯v : A (β0)v →֒ A (βv).
Recall that a(β,F) = a(βv) = #A (βv) for v ∈ F.
Case (i) Since every Nielsen path is a product of indivisible Nielsen paths, it lies in Z0.
So for any v ∈ F0, Fix (βv) = Fix (β0)v and rk(β,F0) = rk(β0,F0).
If β is of Type 1 or Type 2, then δ(F0) = 0 and A (βv) = A (β0)v by Lemma 4.4; if
β is of Type 3, then by Lemma 4.3, the map e 7→ We defines a bijection from ∆(F0) to
A (βv)\A (β0)v . In either case, we would have a(β,F0) = a(β0,F0) + δ(F0).
Case (ii) For the equalities of F0, the situation is the same as the one in Case (i). Now
we consider F′ = F′1 ∪ F
′
2. Suppose the path p goes from a ∈ F
′
1 to b ∈ F
′
2.
For the rk(β,F′) equation it suffices to show that the natural homomorphism
η : Fix (β0)a ∗ Fix (β0)b → Fix (βa), [u] 7→ [u], [v] 7→ p#[v] := [pvp¯],
is an isomorphism, where u and v are Nielsen paths in Z0 at a and b, respectively, and [·]
denotes loop class. First observe that η is injective. In fact, the η-image of any nontrivial
element of the left hand side is represented by a product w = u1pv1p¯ · · ·ulpvlp¯ul+1,
where ui and vi are Nielsen paths in Z0 at a and b, respectively. (We allow that u1 and
ul+1 be trivial, but assume the others are nontrivial.) By Property of Type 2 or 3(c) in
Theorem 4.1, both tips of p are in Z\Z0, so w is an immersed Nielsen path and represents
a nontrivial element in the left hand side.
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On the other hand, any nontrivial element of the right hand side is represented by a
concatenation of β-Nielsen paths, hence by a product like the w above, so η is surjective.
Thus the desired isomorphism is established.
Below we prove the equalities of a(β,F′).
By the bijective correspondence Assertion ⋆, two attracting fixed words W ∈ A(β0)a
andW ′ ∈ A(β0)b can be represented by two rays ρ, ρ′ ⊂ Z˜0 := q−1(Z0) ⊂ Z˜ with origin
a˜, b˜ ∈ Fix β˜, respectively. So the inclusions induce two injections
ι¯a : A (β0)a →֒ A (βa), Wρ 7→ Wρ,
ι¯b : A (β0)b →֒ A (βa), Wρ′ 7→ Wp˜ρ′ ,
where Wρ denotes the equivalence class of the attracting fixed word represented by ρ, and
ι¯b can be thought as a compositionA (β0)b →֒ A (βb)←→ A (βa), which is well-defined
because the lifiting p˜ of p is a β˜-Nielsen path from a˜ to b˜ and hence β(p˜ρ′) = p˜ρ′ represents
an attracting fixed word in A(β)a.
Furthermore, we claim ι¯a(A (β0)a) ∩ ι¯b(A (β0)b) = ∅. It implies an injection
(4.4) ι¯ := ι¯a ⊔ ι¯b : A (β0)a ⊔A (β0)b →֒ A (βa).
Otherwise, there exist rays ρ, ρ′ ⊂ Z˜0 with β˜-fixed origins a˜ ∈ q−1(a) and b˜ ∈ q−1(b)
respectively, such that ρ and p˜ρ′ represent two equivalent attracting fixed words in A(βa),
that is, there exist an word w ∈ Fix (βa), such that the two rays ρ and w(p˜ρ′) repre-
sent the same end in ∂Z˜. It implies that γ := ρ ∩ w(p˜ρ′) ⊂ Z˜0 is a ray. Note that
w(p˜ρ′) = w(p˜) · w(ρ′) and p˜ is a lifting of the indivisible Nielsen path p, then the two
tips of w(p˜) ⊂ Z˜\Z˜0 and γ ⊂ w(ρ
′) ⊂ Z˜0. Let ρ1 := ρ\γ and ρ
′
1 := w(ρ
′)\γ,
then ρ1ρ¯
′
1 ⊂ Z˜0 is a path from a˜ to w(b˜). Recall w ∈ Fix (βa) and b˜ ∈ Fix β˜, then
β˜(w(b˜)) = βa(w)(β˜(b˜)) = w(b˜) is a fixed point of β˜. It implies that ρ1ρ¯
′
1 ⊂ Z˜0 is a
Nielsen path from a˜ to w(b˜), contradicting that a ∈ F′1 and b ∈ F
′
2 belong to distinct fixed
point classes of β0. So the claim is true.
Using the injection ι¯ in equation (4.4), we can compute a(β,F′) immediately. There
are two cases:
(a) p is the unique edge e of Z\Z0 in Type 2 (recall that in this case δ(F′) = 1 because
e gets initially expanded along itself on only one tip). By Lemma 4.4, ι¯ is a bijection. So
a(β,F′) = a(β0,F
′
1) + a(β0,F
′
2) = a(β0,F
′
1) + a(β0,F
′
2) + δ(F
′)− 1.
(b) p is the unique indivisible Nielsen path in Type 3. Follows from Lemma 4.3, each
element of A (βa)\ι¯(A (β0)a ⊔ A (β0)b) can be represented by We for a unique edge
e ∈ ∆(F′), except that e1, e2 ∈ ∆(F′) are the two tips of the indivisible Nielsen path p
and they give the same element We1 = We2 , and conversely. Therefore, we also have
a(β,F′) = a(β0,F
′
1) + a(β0,F
′
2) + δ(F
′)− 1.
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Case (iii) For the equalities of F 6= F′0, the situation is the same as the one in Case (i).
Suppose the path p goes from a to b both in F′0. By the similar argument as in case (ii),
we can show η
η : Fix (β0)a ∗ J → Fix (βa), defined by [u] 7→ [u], [t] 7→ [t]
is an isomorphism, where the loop class [u] ∈ Fix (β0)a and J is the infinite cyclic group
generated by the loop class [t] represented by the loop t := pq when a 6= b, but taking
t := p when a = b. It implies rk(β,F′0) = rk(β0,F
′
0) + 1.
By equation (4.3), ι¯a : A (β0)a →֒ A (βa) is an injection. Then by the similar argument
as the one in the above Case (a) and Case (b), we have a(β,F′0) = a(β0,F
′
0) + δ(F
′
0) −
1. 
As a corollary of the above Proposition 4.5, we have
Corollary 4.6. Let β : (Z,Z0) → (Z,Z0) be an RTT map as in Theorem 4.1 and β0 :=
β|Z0 : Z0 → Z0. Then for every nonempty fixed point class F of β, we have
ichr(β,F) = ichr(β0,F)− δ(F),
where ichr(β0,F) :=
∑k
i=1 ichr(β0,Fi) if F = ⊔Fi is a union of k ≤ 2 β0-fixed point
classes Fi, i = 1, . . . , k.
Proof. Since ichr(F) = 1 − rk(F) − a(F), the conclusion can be checked immediately
case by case in Proposition 4.5. 
5. PROOFS OF THEOREMS
Now we prove main theorems of this paper.
Proof of Theorem 1.2. Let f be a π1-injective selfmap of a connected finite graph X ,
and F a fixed point class of f . Since ind(F) and ichr(F) both have homotopy and com-
mutation invariance (see Section 3.4), it suffices to prove Theorem 1.2 for an RTT map
β : (Z,Z0) → (Z,Z0) in Theorem 4.1, where Z is a connected finite graph without ver-
tices of valence 1 and with χ(Z) = χ(X). Assume χ(Z) ≤ 0 because it is trivial for
χ(Z) > 0.
If χ(Z) = 0, i.e., Z is a circle, then by Example 3.8, we have ind(F) = ichr(F) for
every fixed point class F of β. So Theorem 1.2 holds.
If χ(Z) < 0 and F is empty, then ind(F) = 0 while 0 ≤ ichr(F) ≤ 1 by Proposition
3.3, and hence Theorem 1.2 holds. Now we assume F is a nonempty fixed point class of
β in the following. Let Z1, . . . , Zn be the connected components of Z0. Suppose the β-
invariant ones are Z1, . . . , Zk. Denote β0 := β|Z0 : Z0 → Z0 and βi := β|Zi : Zi → Zi
for i = 1, . . . , k. Since Z is a connected graph without vertices of valence 1, and Z0 is a
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proper subgraph containing all the vertices of Z , it is easy to see that all χ(Zi) > χ(Z).
So, working inductively, we may assume that Theorem 1.2 is true for every βi, that is,
(5.1) ind(βi,Fi) ≤ ichr(βi,Fi)
for every fixed point class Fi of βi.
For the nonempty fixed point class F of β, note that F is a union of finitely many (in
fact at most 2 by Proposition 4.5) β0-fixed point classes Fi, each is contained in a unique
component Zi and is also a fixed point class of βi, so ind(β0,Fi) = ind(βi,Fi) and
ichr(βi,Fi) = ichr(β0,Fi). Therefore, by the inductive hypothesis (equation 5.1), we
have
ind(β0,Fi) ≤ ichr(β0,Fi).
Combine the above inequality, equation (4.1) with Corollary 4.6, Theorem 1.2 holds. 
Proof of Theorem 1.3. Since ind(F) and ichr(F) both have homotopy invariance, it suf-
fices to assume that f is an RTT map β : (Z,Z0) → (Z,Z0) in Theorem 4.1, where
χ(Z) = χ(X) = −1.
If F is inessential, then the conclusion is clear by Theorem 1.2.
Now we assume that F is essential, then it is a nonempty fixed point class of β. Using
the same notations Z1, . . . , Zn and β0, β1, . . . , βk as in the above proof of Theorem 1.2,
we have 1 ≥ χ(Zi) > χ(Z) = −1, and F is a finite union of β0-fixed point classes Fi
which is contained in a unique componentZi and is also a fixed point class of βi.
If χ(Zi) = 1, then Zi is a vertex of Z , and hence every fixed point class Fi of βi :
Zi → Zi consists of a single point with ind(βi,Fi) = ichr(βi,Fi) = 1. If χ(Zi) = 0,
after a homotopy, Zi is a circle. From Example 3.8, we have ind(βi,Fi) = ichr(βi,Fi)
for every fixed point class Fi of βi. Therefore, we always have
ind(β0,Fi) = ind(βi,Fi) = ichr(βi,Fi) = ichr(β0,Fi).
Combine the above equality, equation (4.1) with Corollary 4.6, the conclusion ind(F) =
ichr(F) holds. 
Remark 5.1. From the above two proofs, it is clear that Conjecture 1.4 is true if and only
if ind(F) = ichr(F) = 0 holds for every empty fixed point class F.
Proof of Theorem 2.6. For an injective endomorphism φ of Fn, there exists a π1-injective
selfmap f : (X, ∗) → (X, ∗) of a connected finite graph X with fundamental group
π1(X, ∗) = Fn such that φ = f∗ : π1(X, ∗)→ π1(X, ∗), [c] 7→ [f ◦ c]. Moreover, for any
i[w] ◦ φ ∈ Innφ, we have
i[w] ◦ φ = fw : π1(X, ∗)→ π1(X, ∗), [c] 7→ [w(f ◦ c)w¯],
where w is a loop based at ∗ and the loop class [w] ∈ π1(X, ∗).
Two endomorphisms ψ′ = i[w′] ◦ φ and ψ = i[w] ◦ φ in Innφ are similar (see Section
2.2 for a definition) if and only if there exists [u] ∈ π1(X, ∗) for u a loop based at ∗ such
24 QIANG ZHANG, XUEZHI ZHAO
that ψ′ = i[u] ◦ ψ ◦ (i[u])
−1, that is,
(5.2) i[w′] ◦ φ = i[u] ◦ i[w] ◦ φ ◦ i[u¯] = i[uw(f◦u¯)] ◦ φ.
Since φ(Fn) ∼= Fn and the centralizer of any nontrivial element in a free group Fn of rank
n ≥ 2 is free cyclic, the above Equation (5.2) holds if and only if [w′] = [uw(f ◦ u¯)], that
is, the f -routes w′ and w are associated with the same fixed point class F (see Definition
3.5). Therefore, we have a bijection F 7→ [ψ] between the fixed point classes of f and the
similarity classes contained in Innφ, with
(5.3) ichr(F) = 1− rk(F)− a(F) = 1− rkFix (ψ) − a(ψ).
By Corollary 1.6, we have
∑
[ψ]⊂Innφ
max{0, rkFix (ψ) + a(ψ)/2− 1} ≤ n− 1.
So Theorem 2.6 holds. 
Proof of Theorem 1.7. The conclusion follows from Example 2.7 immediately if the rank
n = 1. Now we assume n ≥ 2. As in the above proof of Theorem 2.6, there exists a
π1-injective selfmap f : X → X of a connected finite graph X with fundamental group
π1(X) = Fn such that φ = f∗ : π1(X, ∗)→ π1(X, ∗), and the abelianization of φ,
φab = f♯ : H1(X)→ H1(X) = Z
n,
the endomorphism induced by f on the homology groupH1(X). By the famous Lefschetz-
Hopf fixed point theorem, the Lefschetz number
L(f) = 1− tr(φab) =
∑
F∈Fpc(f)
ind(f,F).
If tr(φab) < 1, then there exists F ∈ Fpc(f) such that ind(f,F) > 0, and hence
ichr(f,F) > 0 by Theorem 1.2. So by Equation (5.3), there exists c ∈ Fn such that
rkFix (ic ◦ φ) = a(ic ◦ φ) = 0.
If n = 2 and tr(φab) > 1, then there exists F ∈ Fpc(f) with ind(f,F) < 0, and
hence ichr(f,F) < 0 by Theorem 1.3. So by Equation (5.3), there exists c ∈ Fn such that
rkFix (ic ◦ φ) + a(ic ◦ φ) > 1. 
Proof of Theorem 1.8. The conclusion follows from Example 2.7 immediately if the rank
n = 1. For n ≥ 2, pick one of the summands in the inequality of Theorem 2.6, we have
thatmax{0, rkFix (φ) + a(φ)/2− 1} ≤ n− 1. This is what we need to show. 
6. EXAMPLES
The following example shows that the bounds in Theorem 1.8 and Theorem 2.6 are
sharp.
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Example 6.1. Let f : (Rn, ∗) → (Rn, ∗) be a π1-injective selfmap of the graph Rn with
one vertex ∗ and n ≥ 1 edges a1, . . . , an, such that f(ai) = a2i for i = 1, . . . , n.
Note that f is an RTT map with Z = Rn and Z0 = ∗. Then ∗ is the unique nonempty
fixed point class of f , and ∆(∗) = {a1, . . . , an, a¯1, . . . , a¯n} of cardinality δ(∗) = 2n. If
we write the path class of the edge ai still by ai, then the fundamental group π1(Rn, ∗) =
〈a1, . . . , an〉 ∼= Fn, and f∗ : π1(Rn, ∗) → π1(Rn, ∗) defined by f∗(ai) = a2i . Note that
f∗ is not an automorphism, with Fix (f∗) = {1} and 2n equivalence classes of attracting
fixed points that are induced by the oriented edge ai, a¯i ∈ ∆(∗),
Wai = f
∞
∗ (ai) = aiaiai · · · , Wa¯i = f
∞
∗ (a
−1
i ) = a
−1
i a
−1
i a
−1
i · · · .
Therefore, a(∗) = a(f∗) = 2n, rkFix (f∗) + a(f∗)/2 = n and
ind(∗) = ichr(∗) = 1− rkFix (f∗)− a(f∗) = 1− 2n.
Next example shows that the inequality in Theorem 1.8 can be strict.
Example 6.2. Let f : (R2, ∗) → (R2, ∗) be a π1-injective selfmap of the graph R2 with
one vertex ∗ and two edges a1, a2, such that f(a1) = a1 and f(a2) = a¯2a1a2.
Note that f is an RTT map with Z = R2 and Z0 = a1. Then ∗ is a nonempty fixed
point class of f , and ∆(∗) = {a¯2}. If we write the path class of the edge ai still by ai,
then the fundamental group π1(R2, ∗) = 〈a1, a2〉 ∼= F2, with f∗ : π1(R2, ∗)→ π1(R2, ∗)
defined by f∗(a1) = a1 and f∗(a2) = a
−1
2 a1a2. Note that f∗ is not an automorphism,
with Fix (f∗) = 〈a1〉 ∼= Z and the only equivalence class of attracting fixed points that is
induced by the oriented edge a¯2 ∈ ∆(∗)
Wa¯2 = f
∞
∗ (a
−1
2 ) = a
−1
2 a
−1
1 a2a
−1
1 a
−1
2 a1a2 · · · ,
Therefore, rkFix (f∗) + a(f∗)/2 = 1 + 1/2 < 2 and
ind(∗) = ichr(∗) = 1− rkFix (f∗)− a(f∗) = −1.
Finally, we give two examples that support Conjecture 1.4 for empty and nonempty
fixed point classes with indices 0.
Example 6.3. Let f : (R2, ∗) → (R2, ∗) be a π1-injective selfmap of the graph R2 with
one vertex ∗ and two edges a, b, such that f(a) = b and f(b) = a¯.
Below we will show that the fixed point class Fa associated to the f -route a is empty
with ind(Fa) = ichr(Fa).
Indeed, fix a universal covering q : R˜2 → R2 with a given point ∗˜ ∈ q−1(∗), and a
lifting a˜ : (I, 0, 1) → (R˜2, ∗˜, a˜(1)) of the loop a. Then the lifting f˜ : R˜2 → R˜2 defined
by f˜(∗˜) = a˜(1) is a composition of a rotation and a translation, so it is an isometry of
the tree R˜2 equipped with the natural metric d such that each edge has length 1. Note that
d(f˜(∗˜), ∗˜) = d(a˜(1), ∗˜) = 1, so for any point x ∈ R˜2,
d(f˜(x), ∗˜) = d(f˜(x), f˜ (∗˜))± d(f˜(∗˜), ∗˜) = d(x, ∗˜)± 1.
It implies that f˜(x) 6= x and hence Fix f˜ = ∅, namely, the fixed point class Fa is empty.
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On one hand, the f -route a induces an injective endomorphism
fa : π1(R2, ∗)→ π1(R2, ∗), a 7→ aba
−1, b 7→ a−1,
with Fix (fa) = 〈aba−1b−1〉 ∼= Z. On the other hand, consider f∗ : π1(R2, ∗) →
π1(R2, ∗) defined by a 7→ b, b 7→ a−1. Then for any infinite word W ∈ ∂π1(R2, ∗)
with initial segment |Wi| = i, the word length |f∗(Wi)| = i , and
|fa(Wi)| = |af∗(Wi)a
−1| ≤ i+ 2.
It follows that fa has no attracting fixed words. Therefore, a(fa) = 0.
By the arguments above, for the empty fixed point class Fa defined by the f -route a,
we have
ind(Fa) = ichr(Fa) = 1− rkFix (fa)− a(fa) = 0.
Example 6.4 ([J3]). Let f : (R2, ∗) → (R2, ∗) be a π1-injective selfmap of the graph R2
with one vertex ∗ and two edges a, b, such that the induced endomorphism of π1(R2, ∗) is
given by f∗(a) = a
−1 and f∗(b) = a
−1b2.
It is known from [J3] that f has two nonempty fixed point classes and both of them have
indices zero and hence both are inessential.
Note that Fix (f∗) = {1} and f∗ has an attracting fixed word
f∞∗ (b
−1) = b−2ab−4ab−2a · · · .
Hence, a(f∗) = 1 and the nonempty fixed point class consisting of {∗} has
ind(∗) = ichr(∗) = 1− rkFix (f∗)− a(f∗) = 0.
REFERENCES
[BH] M. Bestvina and M. Handel, Train tracks and automorphisms of free groups, Annals of Mathematics,
135 (1992), 1–51.
[C] D. Cooper, Automorphisms of free groups have finitely generated fixed point sets, J. Algebra 111 (1987),
453–456.
[CDP] M. Coornaert, T. Delzant and A. Papadopoulos, Ge´ome´trie et the´orie des groupes, Lecture Notes in
Math. 1441, Springer-Verlag, Berlin, 1990.
[DV] W. Dicks and E. Ventura, The group fixed by a family of injective endomorphisms of a free group,
Contemporary Mathematics vol. 195, American Mathematical Society, Providence (1996).
[GJLL] D. Gaboriau, A. Jaeger, G. Levitt and M. Lustig, An index for counting fixed points for automorphisms
of free groups, Duke Math. J. 93 (1998), no. 3, 425–452.
[J1] B. Jiang, Lectures on Nielsen Fixed Point Theory, Contemporary Mathematics vol. 14, American Math-
ematical Society, Providence (1983).
[J2] B. Jiang, Bounds for fixed points on surfaces, Math. Ann., 311 (1998), 467–479.
[J3] B. Jiang, Fixed points and braids, Invent. Math. 75 (1984) 69–74.
[JWZ] B. Jiang, S. Wang and Q. Zhang, Bounds for fixed points and fixed subgroups on surfaces and graphs,
Alg. Geom. Topology, 11 (2011), 2297–2318.
[Sh1] H. Short, Quasiconvexity and a theorem of Howson’s, Group Theory from a Geometrical Viewpoint
(Trieste, 1990), World Sci., River Edge, N.J., 1991, 168–176.
[Sh2] H. Short et al., Notes on word hyperbolic groups, Group Theory from a Geometrical Viewpoint (Trieste,
1990), World Sci., River Edge, N.J., 1991, 3–63.
FIXED POINT INDICES AND FIXED WORDS AT INFINITY 27
[Z] Q. Zhang, Bounds for fixed points on Seifert manifolds, Topology Appl. 159 (15) (2012), 3263–3273.
SCHOOL OF MATHEMATICS AND STATISTICS, XI’AN JIAOTONG UNIVERSITY, XI’AN 710049, CHINA
E-mail address: zhangq.math@mail.xjtu.edu.cn
DEPARTMENT OF MATHEMATICS, CAPITAL NORMAL UNIVERSITY, BEIJING 100048, CHINA
E-mail address: zhaoxve@mail.cnu.edu.cn
